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TRANSACTIONS OF THE 
AMERICAN MATHEMATICAL SOCIETY 
Volume 348, Number 7, July 1996 
LOW CODIMENSIONAL SUBMANIFOLDS OF EUCLIDEAN 
SPACE WITH NONNEGATIVE ISOTROPIC CURVATURE 
FRANCESCO MERCURI AND MARIA HELENA NORONHA 
ABSTRACT. In this paper we study compact submanifolds of Euclidean space 
with nonnegative isotropic curvature and low codimension. We determine their 
homology completely in the case of hypersurfaces and for some low codimen- 
sional conformally flat immersions. 
1. INTRODUCTION 
In [13], Micallef and Moore introduced the concept of curvature on totally 
isotropic two-planes for manifolds of dimension > 4. We will call it, for brevity, 
isotropic curvature. This curvature plays a similar role in the study of stability 
of harmonic 2-spheres that the sectional curvature does in the study of stability 
of geodesics. In fact, studying the index of harmonic 2-spheres in a compact Rie- 
mannian manifold M, Micallef and Moore proved that if M has positive isotropic 
curvature then the homotopy groups r7, (M) vanish for 2 < i < [n/2]. Therefore, if 
7,(M) is finite then the Betti numbers 32 (M) are zero for 2 < i < n- 2. 
There exists a topological classification in dimension 4 for compact manifolds 
with nonnegative isotropic curvature. ( [19] and [14] Theorem 4.10 ). If such 
a manifold is simply connected then it is either homeomorphic to a sphere, or 
biholomorphic to the complex projective space Cp2 or is a product of two surfaces 
where one of them is homeomorphic to a sphere. For higher dimensions, the only 
known results appear in [14] and [20] and some of them will be discussed in this 
article. 
The main purpose of this paper is to study compact submanifolds of Euclidean 
space with nonnegative isotropic curvature and whose codimension is sufficiently 
low. Our first result describes the topology of hypersurfaces. 
Theorem 1. Let f: Mn -* Rn+l, n > 4, be anr isometric immersion of a com- 
pact manifold M with nonnegative isotropic curvature. Then the homology groups 
H,(M; Z) = 0 for 2 < i < n - 2 and the fundamental group 7rw (M) is a free group 
on 431 elements. 
In [14], considering connected sums of compact manifolds with positive isotropic 
curvature, they show that the fundamental group of a compact manifold with posi- 
tive isotropic curvature can be very large. We show that this can happen also in the 
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case of hypersurfaces of nonnegative isotropic curvature. Actually, we show that 
given a nonnegative number p31, we can construct a compact hypersurface embedded 
in Rn+l with nonnegative isotropic curvature whose 7rw (M) is a free group generated 
by 431 elements. This hypersurface is a conformally flat manifold and the same type 
of construction furnishes examples of compact conformally flat hypersurfaces of di- 
mension greater than 4 that have nonnegative scalar curvature but some negative 
isotropic curvature, showing that the equivalence between the nonnegativity of these 
two curvatures is true for conformally flat manifolds if and only if the dimension is 
four. Of course this fact can be easily seen away from the context of hypersurfaces. 
For instance, a Riemannian product Hk X Sk for k > 3, where Hk is a hyperbolic 
space and Sk is a sphere with its standard metric is conformally flat, has scalar 
curvature identically zero and some isotropic curvatures that are negative. In [14], 
they observed that E9 x S2k, where E9 is a Riemann surface of genus g > 2, and 
k > 2, admits a conformally flat metric with positive scalar curvature but admits 
no metric with positive isotropic curvature. However, this manifold does admit a 
conformally flat metric with nonnegative isotropic curvature and in fact, we show 
that the only locally reducible conformally flat manifolds with nonnegative isotropic 
curvature are flat or covered by the product of a hyperbolic plane with a sphere. 
For conformally flat manifolds we prove the following result. 
Theorem 2. Let Mn, n > 4 be a compact conformally flat manifold with nonneg- 
ative isotropic curvature. Then either M is flat or f3i(M) = 0 for 3 < i < n - 3. 
Moreover if 02(M) + 0 then either M is flat or it is isometrically covered by the 
product of a hyperbolic plane with an (n- 2)-sphere with its standard metric. 
Using the results in [16] on isometric immersions of conformally flat manifolds 
of Euclidean space, we deduce the following corollary. 
Corollary 1. Let f: Mn -* Rn+P, 2 < p < n/2 - 1, be an isometric immersion 
of a compact, orientable conformally flat manifold M with nonnegative isotropic 
curvature. Then Hi(M; Z) = O for p < i < n-p. 
We prove these results in section 4. In the same section, we extend the results of 
Theorem 2.1 in [14] for odd dimensional manifolds whose curvature tensor is pure 
(see Definition 4.5). We prove in this case that if M is a locally irreducible odd 
dimensional manifold then :2(M) = 0. 
It is a simple but interesting fact to observe that the product of two manifolds of 
nonnegative isotropic curvature may not have nonnegative isotropic curvature. A 
rather complete description of locally reducible compact manifolds with nonnegative 
isotropic curvature is given in [14]. The structure of locally reducible codimension 
2 submanifolds with nonnegative isotropic curvature is described by the following: 
Theorem 3. Let f: Mn -* Rn+2, n > 4, be an isometric immersion of a compact, 
locally reducible manifold M with nonnegative isotropic curvature. Then one of the 
following holds: 
i) M has nonnegative sectional curvature and is either the total space of a sphere 
bundle over S1 or f is the product of two convex embeddings. 
ii) There exists an isometric covering 7r x M E2 __ M, where E2 is a surface 
and (f o wr)jM,X{p} is a convex embedding into some (n - 1)-dimensional affine 
subspace of Rn+2. 
It follows from Theorem 2 in [5] that the other cases of codimension 2 submani- 
folds are those whose holonomy algebra is either the unitary algebra u(2) and the 
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manifold is four dimensional or the exterior algebra o(n). We also study these 
cases. In the former case, we obtain that the second Betti number :2 (M) = 0 and 
M is covered by a noncompact Kdhler manifold. For the latter case we assume 
pure curvature tensor, and using the results of section 4, we conclude then that 
132(M) = O. 
Part of the research of this article was done when the second author visited the 
Universidade Estadual de Campinas in Brasil. She wants to thank the Department 
of Mathematics for the hospitality and the state agency FAPESP for the financial 
support. 
2. NOTATIONS AND BASIC FACTS 
In what follows M will always denote an n-dimensional Riemannian manifold 
with n > 4. For x in M we consider the complexified tangent space TxM 0 C and 
we extend the Riemannian metric (, ) to a complex bilinear form (, ). An element 
Z in TxM 0 C is said to be isotropic if (Z, Z) = 0. A two plane a C TxM 0 C 
is totally isotropic if (Z, Z) = 0 for any Z C T,M 0 C. If uf is a totally isotropic 
two-plane then there exists a basis {Z, W} of a such that 
Z = ei + -lej and W = ek + -em 
where ei, ej, em, ek are orthonormal vectors of TxM. Conversely, any two such vec- 
tors span a totally isotropic two plane. Let R. denote the complex linear extension 
of the curvature operator 1Z: A2 - A2. 
Definition 2.1. A Riemannian manifold is said to have nonnegative isotropic cur- 
vature if (JZ(Z A W), (Z A W)) > 0 whenever {Z, W} is a totally isotropic two 
plane. 
It follows from this definition that for Z and W as above 
(JZ(Z A W), (Z A W)) = Kik + Kim + Kjk + Kjm - 2(R(ei, ej)ek, em) > 0 
where Kik denotes the sectional curvature of the plane spanned by ei, ek and R 
is the curvature tensor of M (see [13] p.203). If we consider Z = ei - e- 
then {Z, W} is a totally isotropic two plane. Performing the same computation for 
(QZ(Z A W), (Z A W)) and adding with (1Z(Z A W), (Z A W)) we get 
Lemma 2.2. Let M be a manifold with nonnegative isotropic curvature. Then for 
all sets of orthonormal vectors ei, ej, em, ek in TxM we have 
Kik + Kim + Kjk + Kjm > 0 
Remark 2.3. a) The condition of Lemma 2.2 is not sufficient for the nonnegativity 
of the isotropic curvature. However, if M is conformally flat, (R(ei, ej)ek, em) = 0 
for all orthonormal vectors and therefore, in this case, this condition is equivalent 
to nonnegative isotropic curvature. 
b) Nonnegative isotropic curvature implies nonnegative scalar curvature ( see [14] 
Proposition 2.5). If M is conformally flat and four-dimensional, the nonnegativity 
of the scalar curvature implies the nonnegativity of the isotropic curvature. But, if 
the dimension is at least 5, this is no longer true, even for hypersurfaces of Euclidean 
spaces ( see section 3 ). 
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In this paper we will be mostly interested in the case where M is isometrically 
immersed in a Euclidean space. For an isometric immersion f: Mn -* Rn+P we 
will use the following notation: v(M) will be the normal bundle of the immersion 
and a : TM @ TM -* v(M) the second fundamental form; H = 'tracea is the 
mean curvature vector and N(x) = {X C TxM I a(X,Y) = O,VY E TXM} the 
relative nullity space. If ( E vxM, we will denote by Af the Weingarten operator 
given by < (Af (X), Y) = (Ka(X, Y), () . Recall that the second fundamental form is 
related to the curvature tensor R by means of the Gauss equation 
(R(X, Y)Z, W) = (a(X, W), a(Y, Z)) - (a(X, Z), a(Y, W)). 
In the next proposition we show some properties of the second fundamental form 
of an isometric immersion of manifolds with nonnegative isotropic curvature. 
Proposition 2.4. Let f: Mn ) Rn+P be an isometric immersion with second 
fundamental form a and mean curvature vector H. If M has nonnegative isotropic 
curvature and e,, ej, em, ek are orthonormal vectors of Tx (M) then 
(a) (a(e,, ei) + a(e, e3), a (ek, ek) + a (em, em)) > 0, 
(b) (a(e,, e) + a(ej, e), H) > O, 
(c) If dimN(x) = 0, then H(x) + 0, 
(d) If dimN(x) 0 , then the Ricci curvatures at x are nonnegative. 
Proof. Applying Lemma 2.2 to the Gauss equation we get 
(a(e,, e,), a(ek, ek)) + (a(e,, e), (em,em)) 
+ (a(e3 , e3), o(ek, ek)) + (oK(ej, ej), a (em, em)) 
? Haoe(e2,,1ek)K2 + IHla(ei, em)12 + 1(e1, ek)+ Ia(ei, em)| 0 > O 
which implies (a). Now if the dimension of the manifold n is even, then (a) implies 
(b). If n is odd, we observe that given orthonormal vectors ei and ej there exists em 
such that K2m + Kjm > 0; otherwise we would have K2k + K2m + K3k + Kjm < 0 for 
all ek and em orthogonal to e, and e3 , contradicting Lemma 2.2. Therefore, from 
the Gauss equation we get 
(a(e, ei) + ?a(ej, ej), a (em, em)) > IIa (e, em)H12 + I?Ia(ej, em)H12 > 0 
that together with (a) for n odd, gives (b). In order to obtain (c) suppose that 
H(x) = 0 and dimN(x) = 0. Consider {el,..., en} an orthonormal basis of the 
tangent space. Therefore (a (ei, e2) + a (ej, ej), H) = 0 for every i j . Since the 
left hand side of this equation is a sum of nonnegative numbers, it follows then that 
a(e,, e2) +a(e3, e3) = 0 for every i + j. But this implies that a (ej, ej) = 0 for every 
e:,. Then from the Gauss equation we get that the sectional curvatures Kij are given 
by K2J =- -Ia(e,,e3) 112 for every i + j. This in Lemma 2.2 gives a(ei,e3) = 0 for 
every i + j, contradicting that dimN(x) = 0. To prove (d), suppose that e1 E N(x). 
Then Ric(el, e3) = 0 for every j and e1 is an eigenvector of the symmetric urvature 
Ricci operator that will be denoted by Ric. Let {el, ..., en } be an orthonormal basis 
of eigenvectors of Ric. If Ric(ei) < 0 there exist ei, ek such that Kij + Kik < 0- 
Therefore e1, e,, e3, ek are orthonormal vectors and KI + Klk + Ki + Kik < 0 
contradicts again Lemma 2.2. 
3. HYPERSURFACES WITH NONNEGATIVE ISOTROPIC CURVATURE 
Proof of Theorem 1. Let f: Mn ) Rn+l be an isometric immersion of a com- 
pact, connected manifold M. Let ( be a unit vector such that ?i are regular values 
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of the Gauss map P: M -* Sn c RC + . Then the height function h: M -* R 
given by h (x) =< f(x), > is a Morse fuction with critical points ?- (+?). At 
such points the hessian of hs is given, up to a sign, by the Weingarten operator 
A~. Let {ei, ..., en } be an orthonormal basis of TxM that diagonalizes A&, say, 
Afei = Ajej. By the Gauss equation Kij = AiAj and since the critical points are 
non-degenerate, we have that Ai + 0 for i =1, ..., n. Therefore if M has nonnegative 
isotropic curvature Lemma 2.2 implies 
(At + Aj)(Ak+ Am) > 0 
for all distinct indices i, j, k, m. Then we conclude that all but at most one of the A's 
have the same sign and hence the index of a critical point of hs has to be 0, 1, n - 1 
or n. By the standard Morse Theory, M has the homotopy type of a CW-complex, 
with no cells of dimension i for 2 < i < n - 2. Therefore the homology group 
Hi(M; Z) = 0 for 2 < i < n - 2. Moreover, since there are no 2-cells (n > 4), we 
conclude by the cellular aproximation theorem that the inclusion of the 1-skeleton 
M(1 )- M induces an isomorphism between the fundamental groups. Therefore 
the fundamental group 7rw(M) is a free group on 31 elements and H1 (M; Z) is a 
free abelian group with the same number of generators. 
Theorem 1 shows that the topology of compact hypersurfaces of nonnegative 
isotropic curvature is very similar to the topology of compact conformally flat hy- 
persurfaces ( see [8] ). Therefore we look for examples in this class of hypersurfaces. 
Conformally flat hypersurfaces of Rn+lI n > 4, are characterized by the fact that 
the Weingarten operator Af has an eigenvalue of multiplicity at least (n - 1), i.e., 
they are almost umbilic ( see [8] for instance ). In the next proposition we give a 
necessary and sufficient condition for the nonnegativity of the isotropic curvature 
of a conformally flat hypersurface of Euclidean space. 
Proposition 3.1. Let f: Mn ~ Rn+l, n > 4, be an almost umbilic isometric 
immersion. Let A denote the eigenvalue of multiplicity (n - 1) and ,u be the other 
eigenvalue. Let us suppose that the Weingarten operator is oriented such that A > 0. 
Then M has nonnegative isotropic curvature if and only if A + ,u > 0. 
Proof. Let {ei, ..., en } be an orthonormal basis of T,M that diagonalizes Af such 
that eI is the eigenvector correponding to the eigenvalue ,u. If {Z, W} is a totally 
isotropic two plane such that 
Z = ei + -1ej and W = em + -lek, 
then QR(ZAW), (ZAW)) is either 2A(A+At) or 4A2. Therefore if M has nonnegative 
isotropic curvature we have A + At > 0. Conversely, consider a totally isotropic two 
plane {Z, W} such that 
Z = XI + V1X2 and W = X3 + V-X4 
where X1, X2, X3, X4 are orthonormal vectors. Since M is conformally flat we get 
that (]Z(Z A W), (Z A W)) is given only by K13 + K24 + K14 + K23. We will show 
that if A + At > 0 then K13 + K24 > 0 and the second term is proved in a similar 
manner. For that, let X' and X" denote the orthogonal projection of the vector 
X onto span{el} and spanr{e2, ..., en} respectively. Let ]Z denote the curvature 
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operator of M. Since X1 A X3 = 0, using the Gauss equation we obtain 
K13 = (JR(X1 A X3), X1 A X3) = AAL (I IX' A X3' |12 + | XI' AX 
I 2) 
+ A2 I|XI' A XI'|2 + 2Ay (X1 A X/',X/ AXI). 
Since I IX1 A X31 12 = 1, we have that 
IX' A X'2+ X' A X312 1 - IXI' A X'2 - 2 (X1 A X3', X1' A XI) 
that substituted in the above equation gives 
K13 = A4 + A(A-[t)||X' A X//ii2. 
Therefore 
(3.2) K13 + K24 = 2At + A(A-bt)(I|X"' A X3'|12 + I?X"' A X4'|12). 
Because we are supposing that A > 0, if , > 0, the curvature operator is nonnegative 
and then the isotropic curvature is nonnegative. For the case that , < 0, notice 
that 
||X1 A X32 - |X A XIH2 + |X1' A X32 
+ |X"'AXI'|I2 + 2 (X1 A X3', XI A XI) 
=IXj 11211X//112 + 11X//1121IX/ 112
-2(XI,Xl)(Xl',Xl') + ||XI'AXI'||2. 
Since the vectors X1, X2, X3, X4 are orthonormal, we have (X, X) =-(X", X') 
and IXf H 2 = 1 - IIX112 . Substituting in the above equation we get 
1 = I|X,112 + I|X3|12 - 2 ||X1121 X3 12 + 2 (X1,XI)2 + |X 'AXI|12 
which in turn implies I IX' A X3'I 12 = 1 - I IX 112 - I IX, 112, because X1 AX3 = 0. 
Similar computations for I|Xj A X4'112 yield 
I IX' A XI' 1 12 + I Xj A X4'1112 = 2- IIX1112 _ IIX-112 _ - X 1 2 I 2. 
Observe that 
IIXj 12 + I X2 12 + IIX3 12 + IX41112 < 1, 
because it is the square of the norm of the orthogonal projection of the unitary 
vector e1 onto span{Xl, X2, X3, X4}. Therefore 
I IX' A X3'|12 + I |X' A X4/1112 > 1. 
Since we have A - ,a > 0, the above inequality implies in (3.2) that 
K13 + K24 > 2A + A(A -) =A(A + )0. 
Now we show how to produce examples of compact hypersurfaces embedded 
in Rn+I that are conformally flat, have nonnegative isotropic curvature and large 
r I(M). 
Example 3.3. Consider a hypersurface in Rn+I obtained by rotating a curve in the 
{xI, x2}-plane about the x1-axis. Suppose that the curve is the graph of a positive 
function T T 7(xi). We obtain a conformally flat hypersurface of revolution. The 
simple eigenvalue , is the curvature of the generating curve (up to sign, which 
depends on the choice of the normal vector) and the eigenvalue A of multiplicity 
n- 1 is the inverse of the radius T(xi) multiplied by the cosine of the angle that 
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the normal makes with x2-axis (again up to sign). If we choose the normal vector 
in such a way that A > 0 we get 
A =7- (l + (7/)2)-1,21 
/ = -IT(1 + (T')2 )-3/2 
(the reader is referred to [7], p. 25, 12.d for the expression of A, ). Then the 
condition of nonnegative isotropic curvature is 
(3.4) 1 + (T7)2 > 7?7. 
Therefore, if T(xi) satisfies (3.4), the rotational hypersurface determined by such a 
function has nonnegative isotropic curvature. We use such hypersurfaces to connect 
to spheres, according to the Diagram 1. 
DIAGRAM 1 
We obtain then compact hypersurfaces with nonnegative isotropic curvature and 
first Betti number any nonnegative integer. In order to complete this procedure, 
we claim that there exists a smooth function T satisfying (3.4) that allows the 
above connections to be made smoothly. In fact, we consider the C2-function 
T7(- `6,2 - 6, X + -) R given by 
r [l-(x+ 2 )2] x <0, 
7(z) = 2 (X 22J 2x + 4/3) + 2/6, < < 2/2. 
T) /06, x ><c / 2. 
(This explicit example came out from a nice discussion with A.P. Seixas). The 
inequality (3.4) holds strictly for this function. Therefore for any C?-function 
which is sufficiently C2 close to T, (3.4) still holds. By basic approximation, we 
can find a C?-function which coincides with T outside [0, 2/2] and is a good 
approximation to T in the above sense. We observe that such a function allows us to 
connect the three necessary handles ( according to Diagram 1 ) in the same sphere, 
since the tube obtained by r6tating T in [0, 2/2] glues in the sphere obtained by 
the rotation of T for x < 0 in a relatively small region. 
Notice that the condition for nonnegative scalar curvature for conformally flat 
hypersurfaces i A > -2y/(n - 2), which is equivalent to A + At > 0 if n = 4, but is a 
stronger condition if n > 5. Therefore, if n > 5, modifying the function T, making 
it decrease more rapidly near zero, we can produce an example with A + ,u < 0 
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somewhere but A > -24/(n - 2); i.e., conformally flat hypersurfaces of dimension 
n > 5 with nonnegative scalar curvature but some negative isotropic curvature. 
4. CONFORMALLY FLAT MANIFOLDS 
WITH NONNEGATIVE ISOTROPIC CURVATURE 
Conditions on the isotropic curvature fit the classical Bochner technique well and 
this will be the basic tool to prove Theorem 2. Recall first that the Weyl tensor W 
of a Riemannian manifold M is defined by 
(4.1) 
W(X, Y)Z = R(X, Y)Z - (Y, Z)>y(X) + (ty(X), Z)Y - (y(Y), Z)X + (X, Z)-y(Y) 
where -y: T,M -* T,M is defined by 
-y(X)= _(Ric(X) - __ -X) 
with S denoting the scalar curvature. It is well known that if M is conformally 
flat and n > 4 then W is identically zero. Observe W = 0 implies that for an 
orthonormal basis {ei}, i = 1, ..., n, which diagonalizes the symmetric Ricci operator 
Ric we have (R(ei, ej)ek, em) = 0 whenever the set {i, j, k, m} contains more than 
two elements. We will call this basis an 1Z-basis, since the 2-forms ei A ej are the 
eigenvectors of the curvature operator RZ. 
Proposition 4.2. Let M be a compact conformally flat manifold with nonnegative 
isotropic curvature. Then 
a) if q is a harmonic k-form, 2 < k < [n/2], then qZ is parallel, 
b) if all isotropic curvatures are positive at some point, then tk(M) 0 O for 
2 < k < n -2. 
Proof. We can suppose without losing generality that M is orientable. Let X be a 
harmonic k-form. Let A denote the Laplace-Beltrami operator and Vq the covari- 
ant derivative of Q. AOq and Vq satisfy the well known Weitzenb6ck formula for 
compact oriented manifolds ( see [11] ) 
(AO, q) = (Vo, Vq) + J F(q)dV 
where (,) denotes the L2-product with respect to the Riemannian volume density 
dV and 
(k- 1)! [A 2B] 
with 
A = - 9(Xr XS, Xi3, ... , Xi k) X (Xt, Xr, Xi3, ... , Xik)KR(Xs XU)XU Xt), 
i3,...,ik r,s,u,t 
B = 1: E O)(X r v Xs v Xi3l .. ** Xik)O(Xt v Xu v Xi3l .. ** Xi k) (R(Xr v Xs)Xu , t). 
i3,..,ik r,s,u,t 
From the Weitzenb6ck formula, we see that in order to prove a), we need to show 
that F(q) > 0. We compute A and B for an ]Z-basis {eI, ..., en}. Then we have 
A Z Eo(es, er, Xi3, ...- Xik)2Ric(eS, eS), 
r,s 
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B = 2E (es, er, Xi3 ...IXik)2Krs, 
r,s 
where Krs is the sectional curvature of the plane spanned by er and es. Therefore 
F(0) = (k 1 l )(eS er,X3, ..., Xik)2 (Ric(es, es) + 
. 23 .- k s<r 
Ric(er, er) - 2(k - 1)Krs). 
We will show that if M is conformally flat and has nonnegative isotropic urvature, 
then for 2 < k < [n/2] we have 
(4.3) (Ric(es, es) + Ric(er, er) - 2(k - 1)Krs) > O. 
Notice that 
(Ric(es, es) + Ric(er, er) - 2Krs) = E (Kri + Ks82) 
i#&r,s 
and then if the dimension n iseven, Lemma 2.2 implies that E (Kri +Ksi) > 0. If 
z:Ar, s 
n is odd, as in the proof of Proposition 2.4, we find first em such that Krm+Ksm > 0 
that together with (2.2) gives 
E (Kri + Ksi) = Krm + Ksm + E (Kri + Ksi) > 0. 
Z#r,s i#&r,s,m 
Therefore, ifk = 2, (4.3) is verified. If k > 2 we have 
Ric(es, es) + Ric(er, er) - 2(k - 1)Krs = E (Kri + Ksi) - 2(k - 2)Krs 
i#&r,s 
which again is nonnegative ifKrs < 0. Now we verify (4.3) for the case that 2 < 
k < [n/2] and Krs > 0. If M is conformally flat, we have W = 0 and then a 
straightforward computation from (4.1) gives 
Krs = [Ric(es, es) + Ric(er, er) - ] 
which substituted in (4.3) implies 
Ric(es, es) + Ric(er, er) - 2(k - 1)Krs 
n- 2 [Ric(es,es) +Ric(er,er)] + ( 
- 
2 )S n - 2 ~~~(n -2)(n -1) 
n-2k [2Krs + (Kri + Ksi + 2(k- 1)S > 0 
n -2 i:r,s82 
(n -2)(n -1)- 
L 2 
since nonnegative isotropic curvature implies that S > 0 and we are supposing 
Krs >0. 
These calculations show that if at some point all isotropic curvatures are positive 
then F(Q) > 0 at this point for every non-null k-form q, 2 < k < [n/2]. Then it 
follows from the Weitzenb6ck formula that if A/ = 0 then X = 0. Therefore 73k = 0 
for 2 < k < [n/2], by Hodge's Theorem. By duality we conclude then that 73k = 0 
for 2 < k < n - 2. 
Before we prove Theorem 2, we mention a nice characterization of conformally 
flat manifolds in terms of sectional curvature given by Kulkarni in [12]. He proved 
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that for n > 4, a Riemannian manifold Mn is conformally flat if and only if for 
any orthonormal vectors XI, X2, X3, X4 we have 
K12 + K34 = K13 + K24 
Proof of Theorem 2. Let us suppose first that M is locally irreducible. Then the 
restricted holonomy group G is also irreducible. Recall that in [3], Berger proved 
that if for some x c M, G acts irreducibly on T,M, then either M is locally 
symmetric or G is one of the standard subgroups of SO(n): 
SO(n), U(m)(n = 2m), Sp(m) x Sp(1)(n = 4m > 4), Spin(9)(n = 16), 
SU(m)(n = 2m > 2), Sp(m)(n = 4m > 4), G2(n = 7), Spin(7)(n = 8). 
If M is locally symmetric, since G is irreducible, the universal cover M is an ir- 
reducible symmetric space. A result in [18] (Proposition 4.2) implies that M is 
isometric to a sphere since it has nonnegative scalar curvature. Then for this case 
we have pi = 0 for 1 < i < n - 1. We now study the other cases. Berger also 
proved that if G is one of the possibilities listed on the second line above, M is 
Ricci flat. Since M is conformally flat, this implies that the sectional curvatures 
vanish, contradicting the assumption that M is irreducible. If G = Sp(m) x Sp(1), 
M is an Einstein manifold ( see [4] ). For conformally flat manifolds, this implies 
that the sectional curvatures are constant, implying again that they are covered by 
a sphere. If G = Spin(9), it follows from [6] that M is locally symmetric, and then 
has constant sectional curvature. 
We were left with two possibilities for G, U(m) or SO(n). This first case implies 
that M is a Kahler manifold. Conformally flat Kahler manifolds of dimension 
greater than 4 are flat and if n = 4, M is a product of two surfaces with mutually 
opposite constant curvatures (see [9], Remark 2). Either case contradicts that M 
is irreducible. Then the only possibility for G and therefore for the holonomy 
group of M is SO(n). Suppose that 3k(M) > 0 for 2 < k < [n/2]. By the Hodge 
decomposition theorem, there exists one harmonic k-form 0, that by Proposition 4.2 
a), is parallel; i.e., X is left invariant by SO(n). By the holonomy principle, the 
existence of ? would give rise to a parallel and hence harmonic k-form on sn, 
which is a contradiction. Therefore, by duality we conclude that f3k(M) = 0 for 
2 < k < n -2. 
Let us suppose now that M is locally reducible and consider the de Rham de- 
compositon of the universal cover M = Rm x M1 x ... x Mr. The Mi's are non 
flat factors and hence dimMi > 2. Let Q(c) denote a simply connected complete 
manifold of constant curvature c. By choosing suitable orthonormal vectors and 
applying the criterion of Kulkarni, we get: 
a) If m > 2, thenm=n, i.e. M=Rn, 
b) If m = 1, then M = R x Qn-1(c2), in particular /3,(M) = 0 for 2 < i < n-2, 
c) If m = 0, then r = 2 and M = QP(-c2) x Qn-P(c2). 
In the last case if p > 2, we can take three orthonormal vectors tangent to 
QP(-c2) and a fourth tangent to Qn-P(c2). Writing the condition of Lemma 2.2 
for those vectors we get a contradiction. 
Remark 4.4. In general, the vanishing of /2 does not imply that the second ho- 
mology group H2(M, Z) = 0, even for conformally flat manifolds with nonegative 
isotropic curvature. For example, if M is the product of a circle S1 with the real 
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projective 3-space RP3 with constant curvature 1, M is conformally flat, has non- 
negative isotropic curvature and H2(M, Z) v Z2. 
Proof of Corollary 2. A theorem of Moore (see [16]) states that a compact confor- 
mally flat n-dimensional manifold isometrically immersed in Rn+p 2 < p < n/2-1, 
has the homotopy type of a CW-complex with no cells in dimension i, for p < i < 
n - p. Then, for this range of indices, Hi(M, Z) = 0. We suppose first that p > 3. 
The nonnegativity of the isotropic curvature implies f3p(M) = 0. Since there are no 
p + 1-cells, Hp (M, Z) is free and therefore vanishes because 4p (M) = 0. By duality 
we conclude that H-p (M, Z) = 0. Now, if p = 2, Hi(M, Z) = 0 for 2 < i < n-2. 
If f32(M) = 0 we obtain H2(M, Z) = H,-2(M, Z) = 0, again because there are 
no 3-cells. Otherwise, M is covered by R' or Q2(-c2) X Qn-2(c2). The first case 
cannot occur since a compact flat n-manifold oes not admit isometric immersions 
in codimension 2 for n > 5. In the last case, if 7r: Q2(-c2) x Qn-2(c2) -* M 
is an isometric covering, we consider the immersion (f o r). It follows from [15] 
that either (f o 7r) splits as a product of hypersurface immersions or takes complete 
geodesics into straight lines. But the latter case cannot occur since M covers a 
compact manifold. This means that (f O 1r) is a product of hypersurface immersions 
and (f O r) IQ2(-c2) is an immersion of a hyperbolic plane in R3 which is impossible 
by the theorem of Hilbert. 
Observe that the proof of Proposition 4.2 shows that for a 2-form q$, the non- 
negativity of F(?,) in the Weitzenb6ck formula depends only on the existence of an 
1Z-basis for the tangent space. Then we consider the class of manifolds with such a 
basis. 
Definition 4.5. A Riemannian manifold is said to have pure curvature tensor if 
for every x E M there is an orthonormal basis {el, ..., en} of the tangent space TxM 
such that (R(e,, ej)ek, em) = 0 whenever the set {i, j, k, m} contains more than two 
elements. 
All 3-manifolds have pure curvature tensor. This class of manifolds also includes 
hypersurfaces of Euclidean spaces. More generally, if a manifold admits an isometric 
immersion into a space of constant curvature with flat normal bundle, then the 
manifold has pure curvature tensor. In fact, the Ricci equation implies that there is 
an orthonormal basis that diagonalizes simultaneously all the Weingarten operators 
and hence diagonalizes the second fundamental form a. The Gauss equation shows 
that this basis is an ]Z-basis. 
Theorem 4.6. Let M be a compact manifold with nonnegative isotropic curvature 
and pure curvature tensor. Then 
a) if 0 is a harmonic 2-form, then ? is parallel, 
b) if all isotropic curvatures are positive at some point then the second Betti 
number 032(M) = 0, 
c) if M is locally irreducible, then 032(M) < 1 and, if 032(M) = 1 then M is a 
simply connected Kahler manifold. 
Remark 4.7. The above result was proved in [14], Theorem 2.1(b), for even dimen- 
sional manifolds and without the assumption of pure curvature tensor. We will use 
their result in our proof for the even-dimensional case. 
Proof. The conclusions in a) and b) follow from the proof of Proposition 4.2. For 
c), let us consider again the restricted holonomy group G of M which is irreducible, 
This content downloaded from 143.106.1.143 on Tue, 23 Sep 2014 09:37:05 AM
All use subject to JSTOR Terms and Conditions
2722 FRANCESCO MERCURI AND MARIA HELENA NORONHA 
since we are supposing that M is locally irreducible. If M is locally symmetric 
so is the universal cover M. Since it has pure curvature tensor, a theorem in [10] 
implies that M has constant sectional curvature. Now M has nonnegative scalar 
curvature and is irreducible. Therefore M is isometric to a sphere which implies 
that 02 (M) 0 O. Note that in most of the possibilities for G, M is even dimensional 
and the result follows from [14]. Now we consider the two remaining cases: G is 
SO(n) or G2 if n = 7. In the latter case, Berger also proved that M is Ricci flat 
and the scalar curvature is identically zero. By Proposition 2.5 of [14] we conclude 
that M is conformally flat which we already studied in Theorem 2. Then we were 
left with the case that G C SO(n), which gives again /32(M) 0 O, by the holonomy 
principle. 
5. CODIMENSION 2 SUBMANIFOLDS 
WITH NONNEGATIVE ISOTROPIC CURVATURE 
We start this section studying locally reducible manifolds and proving Theo- 
rem 3. The proof will follow from Lemmas 5.1, 5.2 and 5.3 below. First, we observe 
that Theorem 2 of Bishop in [5], implies that in this case the universal cover of M 
is the Riemannian product M = M1 x M2. Let 7r : Ml -* M denote the universal 
covering map. 
Lemma 5.1. If dim M1 = 1 then M has nonnegative sectional curvature and is 
diffeomorphic to the total space of sphere bundle over S'. 
Proof. We will show first that the Ricci curvature is nonnegative. Let e1 be a unit 
vector tangent to M1. Then Ric(el, ei) = 0 for i = 1, ..., n and e1 is an eigenvector 
of the symmetric Ricci operator Ric. Take an orthonormal basis {el,. . . , en} diag- 
onalizing the operator Ric. If Ric(ei) < 0 for some 2 < i < n, there would exist 
j, k E {2, ..., n}, i = j, k, such that Ki3 + Kik < 0. Then the orthonormal vectors 
el, ei, ej ek would contradict Lemma 2.2. Now, it follows from Theorem 1 in [17] 
that a compact n-dimensional manifold M with nonnegative Ricci curvature iso- 
metrically immersed in Rn+2 either has nonnegative sectional curvature or wi(M) 
is finite. The latter case cannot occur here, since Al is not compact, which implies 
that 7r,(M) is infinite. Finally, the fact that M is a sphere bundle over S1 follows 
from the classification of codimension two immersions of compact manifolds with 
nonnegative sectional curvature, given in [1] and [2]. 
Lemma 5.2. If dim Mi > 2 then one of them, say M1, has nonnegative sectional 
curvature and (f o 1r) I Ml x {p} is a convex embedding. 
Proof. By a theorem of Moore (see [15]), the immersion f o 7r : M1 x M2 -Rn+2 
either splits as a product of two isometric immersions in codimension one or f o r 
maps a complete geodesic onto a straight line. The latter case is not possible 
since (f o 7)(Ml) = f((M) is compact, so f is (locally) a product immersion. 
If both Mi's have some negative sectional curvature there exist an orthonormal 
basis {e1, ... , en such that the first k vectors are tangent to the first factor, 
ae(el,el) = -A2a(e2,e2) 7& 0, a(en_l,en-l) = -_2a(en, en) :A 0, where a is the 
second fundamental form of the immersion. But then: 
(ae(el, el) + ae(en-1, en_l), a(e2, e2) + at(en, en)) < O 
contradicting Proposition 2.4 a). Then we say that M1 is the factor with nonneg- 
ative sectional curvature. Then (f o 7r)I M, x{ ,} is a codimensional one immersion 
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of a complete non flat manifold with nonnegative sectional curvature and hence a 
convex embedding. 
Lemma 5.3. If M1 has nonnegative sectional curvature and dim(M2) > 3, then M 
has nonnegative sectional curvature and f is the product of two convex embeddings. 
Proof. As in the previous lemma (f o ir) is a product immersion. Suppose M2 has 
some negative sectional curvature. Then we can find e,-i, en orthonormal vectors 
tangent to M2 with a(e,-i,en-1) =-t2a(en,en) + 0. Let en-2 be a unit vector 
tangent to M2 and orthogonal to en, en-1, and e1 a vector tangent to M1. Without 
loss of generality we can suppose a(en-2, en-2) =-A2a(en, en). Then: 
(a(en-l, en-1) + a(en-2, en-2), a(en, en) + a(el, el)) < 0 
contradicting again Proposition 2.4. Therefore M, and hence M, have nonnegative 
sectional curvature. But then M is simply connected; otherwise by the results in 
[1] M would be covered by R x M for some irreducible manifold M. Therefore, 
f itself is a product of hypersurface immersions and each factor of f is a convex 
embedding. 
Remark 5.4. The above theorem could have been proved by an analysis of the 
results of Micallef and Wang on locally decomposable compact manifolds with non- 
negative isotropic curvature (see [14] Theorem 3.1). However the proof would not 
be substantially shorter. 
I 
In the case that M is locally irreducible, Bishop's theorem states that the holo- 
nomy group is SO(n) or U(2). In the second case M is four-dimensional nd we 
prove: 
Proposition 5.5. Let f: M - R6 be an isometric immersion ,of a compact four 
dimensional manifold with nonnegative isotropic curvature. If the holonomy group 
of M is U(2), then the second Betti number 02(M) = 0 and M is covered by a 
noncompact Kahler manifold. 
Proof. Since M is locally irreducible, if 32 (M) + 0 then M is a simply connected 
Kahler manifold. From Theorem 1 in [19] we conclude that M is biholomorphic to 
the complex projective space CP2. But such a manifold cannot be immersed in R6. 
Hence 32 (M) = 0. Moreover, the above shows that M cannot be simply connected; 
otherwise having holonomy U(2), it would be a Kahler manifold. Finally, since the 
universal cover is Kahler, it cannot be compact, since it would have /32(M) 7& 0 
which contradicts the first part of this proof. 
We do not know about the case when the holonomy is SO(n). But notice that 
Theorem 4.6 implies in the case of pure curvature tensor, that /2(M) = 0. This 
fact together with Lemmas 5.1, 5.2, 5.3 and Proposition 5.5 give the following: 
Theorem 5.6. Let f : Mn -* Rn+2, n > 4, be an isometric immersion of a 
compact manifold M with nonnegative isotropic curvature and pure curvature ten- 
sor. Then either /32(M) = 0 or - = E2 x M1, where Z is a surface and M1 is 
diffeomorphic to a sphere. 
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